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1. Equations of Dispersion Relations for Three Cantilever Models

1.1. Solution to Model 1 Dispersion

sinh(knL)cos(knL)− sin(knL)cosh(knL) =
(knL)

3kc

3k∗
(1 + cos(knL)cosh(knL)) (1)

1.2. Solution to Model 2 Dispersion

− (cosh(knL1)sin(knL1)− sinh(knL1)cos(knL1))(1 + cos(knL
′)cosh(knL

′))

− (cosh(knL
′)sin(knL

′)− sinh(knL
′)cos(knL

′))(1 − cos(knL1)cosh(knL1))

= 2k3
n

EI

k∗
[1 + cos(kn(L1 + L

′))cosh(kn(L1 + L
′))] (2)

1.3. Solution to Model 3 Dispersion

k∗

kc
=

−B ±
√
B2 − 4AC

6A
(3)

A =
(

κ

k∗

)

(

h

L1

)2

(1 − cos(x)cosh(xL1))(1 + cos(xL′)cosh(xL′)) (4)

B = B1 +B2 +B3 (5)

C = 2(xL1)
4(1 + cos(xL1)cosh(xL1)) (6)

B1 =

(

h

L1

)2

(xL1)
3

(

sin
2(α) +

κ

kc
cos

2(α)

)

[(1 + cos(xL′)cosh(xL′))(sin(xL1)cosh(nL1) + cos(xL1)sinh(xL1))

− (1− cos(nL1)cosh(nL1))(sin(xL
′)cosh(xL′) + cos(xL′)sinh(xL′))] (7)



B2 = 2

(

h

L1

)

(xL1)
2

(

κ

kc
cos(α)sin(α)

)

[(1 + cos(xL′)cosh(xL′))(sin(xL1)sinh(nL1))

+ (1 − cos(nL1)cosh(nL1))(sin(xL
′)sinh(xL′))] (8)

B3 = (xL1)(cos
2(α) +

κ

kc
sin

2(α))

[(1 + cos(xL′)cosh(xL′))(sin(xL1)cosh(nL1)− cos(xL1)sinh(xL1))

− (1− cos(nL1)cosh(nL1))(sin(xL
′)cosh(xL′)− cos(xL′)sinh(xL′))] (9)
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2. Cantilever Frequency Power Spectrum
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Fig. S1. tiffnessplotStiffnessversusnormalforcedeterminedfromfitsofthefirstnormalresonantmodepeakinthepowerspectraofthecontactportionof
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Fig. S2. iamondf requencyFouriertransformoftheout−of−contactportionofadiamondcoatedprobeonasiliconsubstrate.Theoutofcontactportionisshow

contactportioninred, highlightingthechangeintheresonantpeaklocationsandshapesbetweenthesetwostagesofthemeasurement.

3. Elastic Modulus Determination of PEO

Fig. S3. anoindentation Example Elastic unloading curves for the PEO sample obtained from nanoindentation experiments

with a Berkovich indenter. Slope of curve in red is the linear fit used to determine the Young’s modulus of the sample.
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